We use unbiased numerical methods to study the onset of pair superfluidity in a system which displays flat bands in the noninteracting regime. This is achieved by using a known example of flat band systems, namely the Creutz lattice, where we investigate the role of local attractive interactions in the U < 0 Hubbard model. Going beyond the standard approach used in these systems where weak interactions are considered, we map the superfluid behavior for a wide range of interaction strengths and exhibit a crossover between BCS and tightly bound bosonic fermion pairs. We further contrast these results with a standard two-leg fermionic ladder, showing that the pair correlations, although displaying algebraic decay in both cases, are longer ranged in the Creutz lattice, signifying the robustness of pairing in this system.
I. INTRODUCTION
Systems exhibiting flat (dispersionless) bands come in many varieties and manifest a wide range of interesting phenomena such as exotic superfluid phases, edge states, topological insulator/superconductor phases, and bound Majorana fermion edge states to name a few. For example, at half filling in the Lieb lattice (which belongs to a large family of flat band models) [1] [2] [3] [4] [5] [6] [7] , the fermionic Hubbard model with repulsive contact interaction, U , has a ground state with nonzero spin 8 while in the absence of Hubbard interaction, a particle in the flat band is geometrically localized on four sites due to quantum interference in the hopping terms 9 . On the other hand, the attractive Hubbard model on the same lattice exhibits unusual charge and charge transfer signatures within the flat band and reduced pairing order when either the flat band starts to be occupied or when it is completely filled 10 . It has also been argued that fermionic pairing in flat bands would lead to more robust pairs and higher critical temperatures 11 . Remarkable experiments have recently shown 12 that graphene bi-layers twisted by 1.1
• exhibit an ultra-flat band at the charge neutrality point. This leads to a correlated insulator which, when doped, becomes superfluid. Another very interesting class of systems has the lowest band flat, e.g. sawtooth 13 , kagome, Creutz 14 and many others 15 . In the ground state of such systems, there is a critical density below which each particle is geometrically localized over a few sites (which depends on the lattice geometry) and such that the localized particles do not interact. Exceeding the critical density causes the particle wavefunctions to overlap and interaction ensues, thus destroying localization. Such systems have been recently studied extensively both in fermionic and bosonic models. In the latter case, it was shown for the sawtooth lattice that doping above the critical density leads to a phase where the peak of the momentum distribution is at nonzero momentum 13 , while doping the kagome lattice leads to a supersolid phase 13 . Adding longer range interactions between the bosons on the sawtooth lattice uncovers topological effects such as the Haldane insulator phase and edge states in open systems 16 . Bosons were also studied on the flat band Creutz lattice ( Fig. 1) leading to a rich phase diagram exhibiting a condensate, a pair condensate, a supersolid and phase separation phases 17, 18 .
Fermions in such systems, where the flat band is the lowest, are very interesting for a variety of reasons. They have been shown to exhibit a plethora of topological effects such as edge states 14 , which are robust to interactions when in the presence of induced pairing terms 19 . A general treatment of fermions with attractive interactions in nontrivial flat bands, where the Chern number C = 0, demonstrated 20 that such systems are guaranteed to exhibit nonzero superfluid weight D s ≥ |C|. In the case of quasi-one dimensional systems, in particular the Creutz lattice, with C = 0, it was shown 21 that the superfluid weight is D s ≥ |W| 2 , where W is the winding number.
Here, we study numerically the Creutz model with an attractive Hubbard interaction, U < 0, using the density matrix renormalization group (DMRG) and exact diagonalization (ED). We calculate the superfluid weight, the Drude weight D s in one dimension, for various fillings as a function of |U | and show that for small |U | the predictions of Ref. 21 are accurate, i.e. the superfluid weight grows linearly with the strength of the interactions for densities away from half-filling. Going beyond the small |U | regime, the model is shown to map onto a hard core bosonic model for large enough |U |. As a measure of the robustness of superfluidity, we calculate the one-and two-particle gaps, and the decay exponents of the pair correlation functions for the Creutz flat band model and compare with the normal two-leg model. We find that pair correlations decay algebraically with dis-tance, whereas single-particle ones decay exponentially, for finite values of the interactions.
II. MODEL
We study the attractive Hubbard model on the Creutz lattice 22 [See Fig. 1 ], governed by the Hamiltonian
where the onsite interaction, U , is negative; A, B label the two chains [see Fig. 1 ], t connects both inter-and intra-chain sites j and j + 1 and the sum over j spans L unit cells. The fermion spin is labeled by σ =↑, ↓ and α = A, B is the chain index. This Hamiltonian governs a balanced population of up and down spins making interand intra-chain hops and interacting attractively when on the same site. It is worth noting that applying a local gauge transformation c α j,σ → exp(−iπj/2)c α j,σ , renders all the hopping terms real. The intra-chain hopping parameter on chain A (B) becomes t (−t); inter-chain hopping between site j on chain A (B) and site j +1 on chain B (A) is given by −t (t). When applied to a lattice with periodic boundary conditions, the number of unit cells must be a multiple of four for this transformation to apply, whereas for the case of open boundary conditions, it works for any system size. This proved to be very useful in some of our DMRG calculations on large lattices, as one has to deal with a purely real Hamiltonian.
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FIG. 1. (Color online) The Creutz lattice
22 . The (red) rectangle encloses a unit cell, the (blue) square shows the geometry of the localized states in the absence of interactions when the particle density is less than the critical value 1/2. The arrows depict the sign of the hopping in the intrachain bonds. In the interchain bonds, the hopping energies have the same magnitude.
For U = 0, H can be diagonalized [22] [23] [24] revealing two flat bands, E ± = ±2t. Consequently, when a particle is placed in the lattice, it will be localized on four sites, shown by the blue square in Fig. 1 . The localized ground states are given by,
For U ≥ 0, i.e., repulsive interactions, all states are thus localized as long as the filling is less than half,
where N σ is the total number of fermions with spin σ and N s = 2L is the number of sites. The ground state energy is then trivially given by E(ρ ≤ 1/2) = −2tN s ρ, and the chemical potential is constant, µ = −2t resulting in infinite compressibility. When U < 0, the fermions can lower their energy further by pairing and, consequently, they are no longer geometrically localized. This is the situation we shall study here. We note that this model is different from that treated in Ref. [19] , where the spin of the fermion changes when it performs inter-chain hops but it does not change for intra-chain hops. Our system is like that considered in Ref. [25] , where hopping does not induce spin change, and where it is shown that the Bardeen-Cooper-Schrieffer (BCS) wave function is an exact eigenstate of an effective Hamiltonian, valid at low energies. In this regime, one obtains that the system is infinitely compressible and the eventual coupling to the upper band results in a finite compressibility, accompanied by an algebraic decay of the pair Green function.
III. METHODOLOGY AND RESULTS
We employed complementary approaches to study pairing in this attractive model at different filling fractions. If the attractive interaction induces up and down fermions to form pairs, the resulting composite bosons (not necessarily local) may delocalize, yielding a superfluid/superconducting phase. Such behavior would be signaled by power law decay of the pair correlation function, G αβ p (r), and exponential decay of the single particle Green function, G αβ σ (r) 26, 27 ,
where ∆ α j is a pair annihilation operator at site j on chain α, and α = A, B and β = A, B label the chains. We mostly focus on the case where α = β, i.e., intra-chain correlators. As detailed below, we study these correlation functions by means of DMRG 28,29 on large lattices (up to L = 192) with open boundary conditions.
Another important physical quantity characterizing transport is the superfluid weight, the Drude weight D s in one dimension, given by [30] [31] [32] [33] [34] 
Here, E 0 (Φ) is the ground state energy in the presence of a phase twist Φ applied via the replacement c α j → e iφj c α j , where φ = Φ/L is the phase gradient. This endows the hopping terms with a phase exp(iφ) (or its complex conjugate). 35 We recall that in (quasi-) one-dimensional systems the superfluid weight, which quantifies the superfluid density to mass 33, 36 , is essentially equivalent to the Drude weight 34 , which measures the ratio of mobile carriers to their mass. While the former is obtained by computing the curvature of the actual ground state for different values of Φ, the latter is obtained by adiabatically following a specific many-body state, the ground state at Φ = 0, and computing the curvature. As the number of level crossings is finite in one-dimensional systems, essentially, the Drude and superfluid weights are equivalent when approaching the thermodynamic limit.
A. Superfluid weight -Creutz lattice
We focused on four different fillings: ρ f = 1, 3/4, 1/2 and 1/4, using a combination of exact diagonalization (ED) for smaller lattice sizes and DMRG for the larger ones, with periodic boundary conditions (PBC) in both cases. In the former, we were restricted to lattices that are commensurate with those fillings, and such that the reduced Hilbert space sizes, at different momentum sectors of the translation-invariant Eq (1), are 10 8 . For example, in the fillings ρ f = 1/2 and 1/4, the largest system sizes tackled using ED had L = 10 and 16, respectively. Nonetheless, the DMRG results complemented these for larger lattices, where we have kept up to 1200 states in the truncation process and checked that the results were unchanged when more states are kept. It is well known that imposing PBC strongly degrades the efficiency of DMRG. One of the reasons is that PBC results in an effective long range coupling between the first and last sites. On the other hand, as displayed in Fig. 2 , one can fold the system with PBC to a ladder-like structure with OBC and vanishing couplings between the two legs of the ladder for all sites but the first and last two ones. Of course, this amounts to doubling the size of the local Hilbert space, i.e. for each rung, which, in turn, would require a larger bond dimension. Still, we have checked that for usual 1D chains (bosons or fermions), the DMRG convergence is much better than with the standard way of implementing PBC.
We start by reporting on Fig. 3 [(a)-(c)], the ground state energy, E 0 in Eq. (1) with |U |/t = 8, as a function of Φ f [hereafter, Φ = Φ f , for the fermionic Hamiltonian (1)], for different system sizes and fillings. When we subtract the zero gauge contribution, E 0 (Φ f ) = 0, and rescale by the system size, we notice that, at half filling, the curvature decreases as the system size increases. This is in stark contrast with the cases with densities ρ f < 1 [Figs. 3 (b) and 3(c)], where they are rather insensitive to L. This is the first indication that superfluidity is manifest only away from half-filling.
FIG. 2. (Color online)
Mapping a system with periodic boundary condition to a ladder-like structure. The ring shape structure of the system with PBC is folded to ladder-like structure with OBC and vanishing couplings between the two legs of the ladder for all sites but the first and the last.
Finite size scaling of the curvatures is displayed in Fig. 4 , to probe the results when approaching the thermodynamic limit; it shows clearly that D s (L → ∞) is finite for U < 0 and ρ f < 1. At half-filling [inset in Fig. 4(b) ], the system displays a vanishing superfluid weight, for a large range of interactions. Moreover, D s has a nonmonotonic dependence on U away from half-filling. It grows as the strength of the attractive interactions grows until |U |/t ≈ 8, where it starts to decrease in the strongly interacting regime.
Finally, by compiling the values of D s extrapolated to the thermodynamic limit, we construct in Fig. 5 the dependence of the superfluidity on the interactions for different densities, where the non-monotonic behavior is evident. Essentially, the interactions induce a crossover betwen two regimes, at small and large values of |U |/t. As mentioned in the introduction, and explained in detail in Ref. [20] , the superfluid weight (Drude weight in 1D) for a multiband system, computed within a meanfield BCS approach, is the sum of three different terms. One of the terms is the usual single band BCS term and vanishes for a flat band, whereas the other two terms have a topological origin, i.e. related to the fact that the band structure has a non-trivial Berry curvature in two dimensions or a nonzero winding number in one. In the present situation, neglecting the contribution from the upper band, i.e. in the limit U t, one has [25]
This linear dependence on |U |/t is plotted in Fig. 5 for ρ = 1/2, 1/4, as dashed lines, and is seen to be in excellent agreement with our exact numerical values for small |U |/t. On the other hand, at large |U |/t, the ↑ and ↓ fermions form strongly bound pairs being approximately described by a local bosonic particle. Given the constraints on the occupancy for each site, one can show that in this case, the fermionic Hamiltonian, Eq.(1), can then be mapped onto a Hamiltonian of repulsive hard core bosons whose hopping and near neighbor repulsion have the same energy scale 37 , and the density of particles is ρ hcb = ρ f /2. 
The effective Hamiltonian then reads
where Analogously to what we have done with the fermionic Hamiltonian, we studied the effect of a phase gradient on the hopping terms, implemented via the replacement b
, in order to probe the superfluid properties of this effective model. The dependence of the ground state energy on the flux Φ hcb is shown in Fig. 3[(d)-(f) ], using ED for different system sizes. First, we notice the curvatures display a similar qualitative behavior: At half-filling, the curvature of E 0 (Φ)·L decreases for increasing system sizes while it is independent of L for densities away from it. Second, the periodicity of the E 0 (Φ) curve in the bosonic case is twice as large as in the fermionic one. This is an expected result based on considerations of flux quantization of superconducting rings 38, 39 . A magnetic flux enclosed by such a ring is related to a vector potential manifested along the direction of the lattice as A = (ϕ/L)x. This, in turn, results in a twist of the boundary conditions along the same direction of the form exp{i2πϕ/ϕ 0 }, where ϕ 0 is the flux quantum hc/e. Byers and Yang [38] have shown that the energies are periodic functions of ϕ, whose period is ϕ 0 /n, where n is the total charge of the basic group. For instance, for superconductors with carriers of charge 2e, n = 2. In our units, the period Φ of the ground state energy in the fermionic problem is π, which correcting the 2π factor, results in periods ϕ = ϕ 0 /2, i.e. Cooper pairing superconductivity, as expected. On the other hand, for the case of effective hard core boson model, the period of the ground state energy with Φ is 2π, that results in periods ϕ = ϕ 0 /1, i.e. the charge of the superfluid carrier is one, a hard core boson itself.
Beyond the qualitative description of the mapping between the two models, we show that the agreement is also quantitative for large interactions. Computing the superfluid weight via Eq. (6) and extrapolating to the thermodynamic limit (not shown), we obtain D s for the hard core boson effective model [Eq. (8)] which we display as dashed-dotted lines in Fig. 5 . For large values of |U |/t, the fermionic superfluid weight asymptotically approaches the one for hard core bosons, further confirming the local nature of the pairs in this regime and its superfluid character for densities away from half-filling.
Turning back to the fermionic problem, Fig. 6 displays the dependence of the superfluid weight on the total density ρ f for different interaction strengths. In the noninteracting case, due to the dispersionless nature of the bands, the superfluid weight is zero regardless of the density in- vestigated. When the interactions are finite but small, such that the ground state can still be described by a BCS wavefunction, the superfluid weight follows a form predicted by Eq. (7), symmetric in the densities around ρ f = 1/2. Away from this regime, increasing the interactions, causes D s to become asymmetric, with its peak moving to higher filling.
B. Excitation gaps
We further characterize the transport properties of the system by studying the nature of particle excitations. In particular, we study the fate of one-and two-particle excitations on the Creutz Hubbard Hamiltonian to understand better the superfluid behavior. The m-particle excitation energy, i.e. the energy gap per particle to promote such excitation, can be defined as 40, 41 
where m is the number of doped particles in a system with N particles; E 0 is the corresponding ground state at those fillings. We first describe the single particle (m = 1) excitations in Fig. 7 , for the densities ρ f = 1, 1/2, and 1/4, as functions of |U |/t. They show that the gap to add one particle has small finite size corrections; furthermore, in the regime of strong interactions, the gaps are proportional to |U |/t, indicating tighter binding. At small interaction strengths, the behavior of δ 1 is markedly different for different densities. While for ρ f < 1, the single particle gap is finite and proportional to |U |/t, at half-filling, δ 1 4t, suggesting that the single-particle picture, with two flat bands separated by a gap of this same energy, is still applicable. For that density, the lower band is completely filled and the cost in energy to add an extra particle is then 4t. Figure 8 shows that the two-particle gaps suffer appreciable finite size effects. Away from half-filling, the dependence of δ 2 on |U |/t suggests that this quantity peaks at interactions corresponding to the maximum of the superfluid weight, |U |/t ≈ 8. However, finite size scaling analysis [insets in Fig. 8(a) and 8(b) ] shows that this pair excitation is gapless, as one would expect for a system displaying finite superfluid weight in the thermodynamic limit. For ρ f = 1 and small interactions, the energy per particle to add a pair is again close to the noninteracting gap. It takes values slightly below 4t in this regime because the added particles, which populate the upper band, can further decrease their energy by interacting attractively. Most importantly, due to the minimal dependence on system size, one can guarantee that the system is not superfluid, in agreement with the results of Fig. 4 at this filling. In the strongly interacting regime, finite size effects are more pronounced, and δ 2 steadily decreases for larger L's. Nonetheless, we can once again resort to the mapping to the effective Hamiltonian Eq. (8) in this regime, to settle the question whether the two-particle gaps are finite.
In the coupling regime where the pairs are tightly bound, one expects the two-particle fermionic gap [δ f 2 ≡ δ 2 ] to correspond to the single particle gap of hard core bosons, δ hcb 1 , in the effective model language. By performing finite size scaling on the latter, we find that δ hcb 1 is finite in the thermodynamic limit as long as the interactions are also finite. Consequently, one expects δ f 2 to be finite too at strong interactions. Figure 9 displays the dependence of δ particle gap for hard core bosons and the two-particle gap for fermions is evident at |U | t. Essentially, δ is given by the dashed line, whereas δ f 2 is presented for different system sizes. As in previous figures, ED (DMRG) results are given by empty (filled) symbols.
C. Pair correlation functions
The finite gaps for the single particle excitation suggest that the single particle Green's function, Eq. (4), should decay exponentially. On the other hand, the high pair mobility indicated by the vanishing of the two-particle excitation energy suggests that the pair Green function, Eq. (3), decays as a power with distance, for densities away from half-filling. This is confirmed in the inset of Fig. 10(a) , which shows very fast exponential decay of the one-particle Green function with distance, signaling a robust single-particle gap at the density ρ f = 1/2. We have also confirmed that similar behavior occurs for other densities. Moreover, we remark that ↑ or ↓ channels, in either chain A or B, result in equivalent values for this correlation.
In contrast, the power-law decay of the pair Green function [ Fig. 10(a) ] is characteristic of quasi-long range order for this observable, and indicates that local pair excitations are gapless in this system. We note that the larger the attractive interaction the faster is the decay of G αα p (we use α = A). When compiling the values of the decay exponent γ in Fig. 10(b) , where G αα p ∝ r −γ , we note that it essentially saturates at large interactions, denoting that the extent of the decay of the correlations is constant. Once more, we can understand this result via the mapping onto the effective repulsive hardcore boson model in the Creutz geometry Eq. (8) . In this case, changing the magnitude of U accounts only for a rescaling of the Hamiltonian energies, since both hopping and nearest-neighbor interactions have the same energy dependence on |U |/t, without changing the decay extent of the correlation functions. Thus, one would expect that ∆ In (quasi-)one dimensional systems, repulsive hardcore bosons behave as Luttinger liquids. We then expect the exponent γ we obtain in the strongly interacting regime to be related to the Luttinger liquid parameter K, which is a function of the density of particles. To the best of our knowledge, this is not known for a system where the interactions and hoppings have the geometry of the Creutz lattice, thus a quantitative prediction is hard to make. Nevertheless, the behavior of D s , δ 1 , δ 2 , and the Green functions leads to the conclusion that the attractive Hubbard model in the Creutz lattice, given by Eq. (1), exhibits superfluidity for any U < 0, for densities away from half-filling.
D. Regular two-leg ladder
We now compare the above results of the Creutz lattice with the behavior of the attractive fermionic Hubbard model on a simple regular ladder composed of two coupled chains (See Fig. 11 ). In this case, the Hamiltonian where i, j indicates inter-and intra-chain nearest neighbors and, again, U < 0. To start, we highlight the main difference between the Creutz and regular ladders, which is evident when comparing the non-interacting regime: In the Creutz case, as |U |/t → 0, D s → 0 due to the geometrical localization caused by the flat band; on the other hand, in the ladder case, |U | → 0 leads to a free fermion gas with non-flat dispersion which is mobile.
For finite interactions, we resort to numerical calculations. We calculate the superfluid weight via Eq. (6), by repeating the analysis done for the Creutz lattice. After finite size extrapolations to the thermodynamic limit, we obtain the dependence of D s on the interaction strength depicted in Fig. 11 . As before, one can explain the strongly interacting limit using an effective hard core boson Hamiltonian similar to Eq. (8), but with hopping and interacting terms corresponding to the ladder geometry. However, in contrast to the Creutz case, the noninteracting result is finite and can be calculated using the energy dispersion of the ladder, ε k = −2t cos(k) ± t. The definition of the superfluid weight [Eq. (6)] yields D s = 4t sin (πρ), for ρ ≤ 1/2, i.e. where only the lower band has finite occupancy in the ground state. These are indicated by star symbols in Fig. 11 for the two densities we investigated, ρ f = 1/4 and 1/2.
At half-filling, one can apply a particle-hole transformation in one of the spin components, sayc i,↓ = (−1) i c † i,↓ , keeping the other component unchanged, to map the Hamiltonian onto the repulsive Hubbard model in a two-leg ladder. In this case, one expects a Mott insulating behavior, whose charge stiffness approaches zero in the thermodynamic limit. Hence, in the original Hamiltonian, the superfluid weight should also decay to zero when L → ∞, provided the interactions are finite.
Previous studies using zero-temperature quantum Monte Carlo techniques 42 obtained the power-law decay of pair correlations for the normal ladder at ρ f = 1/2. The decay exponent was found to be either γ = 1.07(3) or γ = 0.87(2), if considering the fitting to the upper or lower envelope of the oscillating pair correlations with distance, for interactions |U |/t = 2. Here, we focus on the same density using DMRG. Similarly to Fig. 10 , we report in Fig. 12 (a) the decay with distance of the pair and single-particle Green's functions. Again, the respective power-law and exponential decays signal the superfluid character of the system and agrees with the predictions of the superfluid weight presented in Fig. 11 . Furthermore, we show in Fig. 12(b) the dependence of the decay exponent of the pair Green's functions on the interaction strength. One can highlight two points: The first is that the magnitude of the interactions that yields a saturated exponent is much smaller than in the case of the Creutz lattice. This can be understood by noticing that the agreement of the superfluid weight of hardcore bosons with the one obtained for the original fermionic model (Fig. 11 ) appears at smaller interactions in comparison to the Creutz lattice (Fig. 5) . The second is that at the same density we have investigated for the Creutz ladder (Fig. 10(b) ), the decay exponent is larger for the ladder. This means that the pair correlations, although still displaying algebraic behavior, are shorter ranged for the ladder than for the Creutz lattice. In that sense, one can argue that the superfluid nature in a Creutz lattice is more robust that in a regular ladder. 
IV. CONCLUSIONS AND REMARKS
We investigated the superfluid properties of attractive fermions on a cross-linked ladder using numerical unbiased methods, namely exact diagonalization and density matrix renormalization group. The ladder, known as the Creutz lattice, is constructed in such a away as to render two flat bands in the tight-binding regime. We introduce local attractive interactions between fermions and show that the system displays finite superfluid weight with two distinct regimes, of weak and strong interactions if the fermionic filling is smaller than one. In the former, we show that this quantity is explained by the analysis of a projected Hamiltonian on the lower band, valid at small energy scales 21 , whereas in the latter, it can described by the superfluid properties of repulsive hardcore bosons on a similar lattice, but with all the bonds having hopping energies with the same sign.
Quantitative study of single and two-particle excitations on the fermionic problem corroborates this picture, showing that the energy to excite a single charge is gapped for the wide range of interactions we investigate. On the other hand, pairs can be excited without an energy cost for densities ρ f < 1. We further study the single-particle (pair) correlation functions along the ladder, obtaining a exponential (power law) decay with distance, denoting gapped (gapless) behavior for this excitation. Lastly, we show that since the pair correlations are longer ranged in the Creutz lattice in comparison to the normal ladder, the superfluid character is more robust in the former.
